Mergesort: a divide and conquer sorting algorithm
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1. Introduction

Q: What does Mergesort do?

A: Mergesort will place elements in an array in order (smallest to largest or largest to smallest).

Mergesort properties:

* requires extra sorting space; to sort array A[1..n] we need Temp[1..n]
* uses divide-and-conquer

» almost always presented as recursive

* uses merging

Q: What is merging?

A: Combining two sorted arrays into one sorted array.

Before merging: two sorted arrays P[1..r] and QJ[1..s]

‘PO PRI ... [ Pi| Plil<Pli+1]foralli

Q| QR | ... | Q| Qll<Qi+1]foralli




After merging: one sorted array that includes all elements from P[1..r] and Q[1..s]

R[1] | R[2] R[r + s] R[i] < R[i + 1] for all 4
Example
starting arrays: P=51 1212 18] =13 11 [ 14 ]
after merging: R=|3]|5| 1| 121419

Q=[3[11]14]

[]

2. Merging

Merging sorted arrays P[1..r] and Q[1..s] into single sorted array R[1..(r+s)] uses iterative strategy.

Iteration:
- add to end of R smallest element from either P or Q that has yet to be added, until either P or Q
IS empty

Final stage:
- add to end of R remaining elements of either P or Q, whichever is not empty



Pseudocode

1 MERGE(A. L, M. R)

% input number array A, L is index of leftmost clement to be

3 handled, R is index of rightmost clement to be handled and M
4 is some index inbetween L and R, L<M<R

5 /# On entering the procedure both subarray A[L.M] and subarray
6 :1[[.”+l]l.,[.: are assumcd to be sorted from smallest to largest.
14 On leaving the cntire array A[L.R] is sorted from smallest to
8 largest. The temporary work array Temp[L. K] is used.=*/

9 for ¢ from L to R

10 Templi] = A[i]

11 en

12 /# Counter ¢L is the location in subarray Temp[L.M]. Counter iR
13 is the location in subarray Temp[(M +1)..R]. Counter ¢4 is the
14 location in subarray A[L.R].*/

15 iL=L, iR=M+1, iA=1L
16 while iL < M and iRE< R

17 if Temp[il] < Temp[iR] then

18 A[iA] = Temp[iL], iL=:¢L+1

19 else

20 A[iA] = TempliR] . iR=1iR+1

21 end

22 iAd=iA+1

23 end

24 /#* We have cither reached the end of subarray Temp[L.M] or the
25 end of subarray Temp[(M + 1)..R]. Copy the remainder of the array
26 still containing clements to A. =/

27 if iL > M then

28 > copy Temp[iR.A| to A[{A.R]

29 else

30 > copy Templ[iL. M] to A[{A.R]

31 end

in MERGE

A{ﬂ:... llA[L] lA[LH]I... :A[m] IA[Mn]lv--IA[R—ﬂlA[R] I IAE“J

— TR —

F\rs} Suhqrr&y second Suﬁqrr&y

be\hj Ythgbd be\hj Yhergbd

Example

starting array: A=[2]4|6 10]3[5[8]9].
1 B | —— S

F\f:* Subqrr&y second SUb%rr&y

be\n3 Yhergad be‘hg *hergbd



compute MERGE(A, 1, 4, 8)

Az iL

arrays A and Temp

iR IA

iL

after while
loop iteration

— )




end of W\'n\e— \OOP

After handling remainder of
subarray A[1..4] in line 30.

Comments on MERGE:

]

* to handle 'remainder’ of one nonempty subarray for-loop is needed at line 28 and line 30

* 'remainder’ of one nonempty subarray handled via test in while-statement (line 16) and lines

27-30; other approaches are possible
* merging can be done without work array Temp, but it is complicated

* similar approach can be used for merging arrays that have been rearranged according

to other criteria



3. Mergesort computation

How is divide and conquer used in merge sort?
Divide: split starting array A[1..n] in two equally sized halves: A[1..M] and A[(M+1)..n]
Conquer: sort (recursively) both halves A[1..M] and A[(M + 1)..n]

Combine: merge sorted halves A[1..M] and A[(M + 1)..n]

Example
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Recursion case: array to be sorted has at least 2 elements

Base cases: array to be sorted 1 or less elements

Mergesort pseudocode

1 MERGESORT(A. L, R)
2 input number array A, L is index of leftmost element to be
3 handled , R is index of rightmost eclement to be handled
4 /* We sort the subarray A[L.R] from smallest to largest using the
5 merge sort algorithm. =/
6 if L < R then
d M= |(L+R)/2]
8 MERGESORT(A, L, M)
9 MERGESORT(A, M+1, R)
10 MERGE(A, L, M, R)
11 end
Example
startingarray: A= |10 [ 4 [ 2 |6 [9]3[8]5]

compute MERGESORT(A, 1, 8)



step Irg\?glrsmn ﬁgg?s) computation array A Ao L P=M
Cr 3 e Reg sy [e[i[aTe[n[e]e]
]
A t
2 A 8 MERGESORT(A, 1, 4)
3 2 3 L=1 R=4 M=2 wlula lclalslgl g
) ! ] ] ] ] ] ] ]
A1
Y a 8 MERGESORT(A, 1, 2)
s 3 7 wrfamer [T
A
© 3 8 MERGESORT(A, 1, 1)
3 3 9  MERGESORT(A, 2, 2)
& 9 10 MERGE(A 1,1, 2) q]lm]]a ‘Ic‘lq‘ls‘ls‘l 5
9 2 g MERGESORT(A, 3, 4)
10 3 4 L=3Jf<="-|-’M:3 so‘lq‘la‘lc]]‘i‘ls\lslls
A
1 3 8 MERGESORT(A, 3,3)
12 3 9 MERGESORT(A,4,4)
13 10 MERGE(A, 3, 3, 4) n‘lm‘la llc;\lq‘lslla'l 5




Example (contd)

Order used in MERGESORT. s )'ep Volue
IR RN
a/ \
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%/ \01 / \
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g/ \7, 1 \12 /\ /\
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Comments on MERGESORT:
» amount of pseudocode deceptive since MERGE does all the work
« efficiency is not sensitive to starting order of array (unlike quicksort)

 can be implemented without recursion
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